A new approach is described for a quasilattice associated with with the icosahedral group which was analyzed in Z. Naturforschung 40 a, 775 (1985). This approach is based on dualization and intersection properties of hypercubic lattices in n dimensions. A Kepler zone is defined as a convex triacontahedron with 30 rhombus faces. The structure properties of the quasilattice are analyzed by use of this zone and by introduction of an infinite graph inside of it.
Introduction
The theory o f non-periodic space filling devel oped in general in [ 1] was analyzed in detail in [2] for a quasilattice associated with the icosahedral group A(5). There are other quasilattices associated with the icosahedral group which are going to be studied in [3] ,
The present paper is a continuation o f [2] . In the first part if is shown that notions o f crystallography in E ", including /^-dimensional boundaries o f a cell and dualization, yield a new approach to hyper cubic lattices in E " projected to E 3, and to quasi lattices arising from intersections in E ". This analysis is presented in Sects. 2 and 3 and applied to E 6 and projection o f lattices to E 3 in Sections 4 -6 .
In the second part a new analysis o f the shift vector y is developed. The results given in [2] Reprint requests to Prof. Dr. P. Kramer, Institut für Theo retische Physik der Universität Tübingen, Auf der Morgen stelle 14, D-7400 Tübingen.
Hypercubic Lattices in E" and Their U nit Cell
In the present section we give som e general concepts for hypercubic bases and lattices in E". These concepts have applications to quasilattices other than the one based on E 6 to which we return in Sections 4-11. The discussion o f these other quasilattices is implem ented in [3] .
As in [1] , we denote by bh b*, i,j= 1 t w o orthogonal bases which are reciprocal to each other, that is, bi ' b* = Sjj, i,j= 1,..., n .
We recall that the vectors b* may be regarded as the im age o f the dual basis o f the dual vector space V* in V.
As in [1] we introduce a hypercubic lattice Y and a dual lattice Y* in E ". For interior points the numbers kj are subject to the strict inequalities.
Definition:
We turn now to the boundaries o f a / 7-boundary.
Proposition:
A fixed / 7-boundary 4 (p\ a, k) for 1 ^ p ^ n has 2 p boundaries o f dimension p -1. 
and intersect in the (« -/?)-boundary A*(n -p\ a. A').
Classification of boundaries in E "
The full symmetry group o f the hypercubic lattice F in E " is the sem idirect product o f the translation group T with elem ents t and the hyperoctahedral point group Q{n) with elem ents g. W e denote the elements o f the space group by pairs (f, g). N ow we study those subgroups o f the space group which transform points from the first unit cell into points o f the first unit cell. Clearly the point group Q (n) at the origin has this property.
3.1.
Proposition:
The hyperoctahedral point group Q{n) transforms the first unit cell into itself. Moreover all /7-boundaries are transformed into one another under Q {n). 
The action o f h on a is given by
in the notation of [2] Section 2. Since h is an element o f Q (p) x Q (n -/?), we have p + 1 ^f ( j) = n f°r p + 1 ^ j ^ n. Then
and, since the numbers kj -2 (kf(j) ~ kj Ej) can take the values 0 or + 1 only, a -ha must be an element o f the translation group T. For the group just described one finds 3.3. Proposition: The group isom orphic to Q (p) x Q (n -p) described in Prop. 3.2 transforms the p-boundary A {p\ e, k) with points y = i I k t f + i t w i 
Projection of the First Unit Cell to E 3
As in [2] Sect. 2 we decom pose E 6 into the o rth o gonal subspaces E 3 and E | and apply this d eco m p o sitio n to any vector jc, x = x x + x2.
5.1.
Definition: Let A (p\ a, k) be a /7-b o u n d ary o f the first u n it cell in E 6. Its projection to E 3, ^ = 1, 2 is the set , p 
This expression for the rhombus faces is derived in [3] under the general condition that any three different vectors in the set which spans the projected /7-boundary are linearly independent. This property clearly holds in the present case.
The projection of the unit cell ^(6 ; a, k) is the triacontahedron found by Kepler [4] , For p = 5, 4, 3 one finds the icosahedron, the dodecahedron and the two hexahedra described in [2] Section 7.
These polyhedra appear in the projection as the images of the p-boundaries of the unit cell. This means that they appear inside the triacontahedron which is the projection of the unit cell. To get a systematic enumeration o f the possible position of a projected /^-boundary inside the projected unit cell, one can apply the orbit analysis of Section 3 and specify for each orbit a single representative. These representatives for the projection E 6 to E] are dis played in Figs. 1-6. In these figures, the represen tatives are shown in projections of the triaconta hedron along one or two orthogonal 2-fold rotation axes. The representatives are identified by their centers and denoted according to Table 1 .
The full projection of the unit cell and of all its boundaries clearly is an object of considerable complexity. The 64 vertices for example appear in the form of the 32 outer vertices of the triaconta hedron and 32 inner vertices. There are 60 outer and 132 inner 1-boundaries, 30 outer and 210 inner 2-boundaries. These boundaries as well as the 3-, 4-, and 5-boundaries will play an important part in the analysis of the quasilattice which will be devel oped in Sections 6-9.
As was discussed in Section 3, the /»-boundaries in the full hypercubic lattice have additional point symmetry groups with respect to their centers. These point groups are generated by the space group and isomorphic to subgroups ß (p) x Q (6 -p) o f the point group Q (6). If Q (6) is now restricted to its subgroup A (5), these point groups are restricted to intersections of the type (5) and their conjugates. These intersections are iso morphic for /^-boundaries on the same orbit under A (5) and are found to be A (5) itself or one of the dihedral subgroups D (5), D (2 ) or D (3). They are included in Table 1 .
In a similar fashion we can determine the projec tion of the first unit cell and its boundaries from W ith the replacement given above this point ap pears in the position marked 0.2 in Figure 2 . So the vertices which appear in E f on the boundary of the triacontahedron will appear in E^ on interior points.
Intersection and dualization in E 6
We consider now the intersection of the lattice Y with a subspace E 3 determined by an irreducible representation of the icosahedral group. The analysis will be given in E 6, and it will involve dualization between the lattices Y and Y* o f standard type. By the condition of intersection, we shall select in E 6 a part of the dual lattice Y* which we shall call a quasilattice Z in E 6. This quasilattice will then be projected from E 6 to E f. Its projection Z , will be shown to be essentially identical to the quasilattice Z] constructed in a different fashion in [2] .
Throughout this section, y is a fixed vector from the first unit cell of Y in E 6, and hence y obeys 1,. The equations and inequalities occurring in Def. 6.1 and 6.2 are, up to certain equality signs, identical to the conditions specified for the hexagrid Yi described in Sect. 3 of [2] . The difference is in the interpretation since here we stress the geometric objects found in E 6 whereas the hexagrid descrip tion was given in E f .
Proposition:
The /»-boundaries of the first unit cell in E 6 which intersect with E] are in one-toone correspondence to intersections of (6 -p) planes which form the boundaries of the first cell of the hexagrid Yx in E]. In particular, the 5-boundaries correspond to the plane faces o f this hexagrid cell.
So the hexagrid description can be seen as a very convenient way of representing the intersection of the 6-dimensional lattice Y with the 3-dimensional space E 3. The equivalent interpretation in E 6 ac cording to Defs. 6.1 and 6.2 will play a key role in the new definition of the quasilattice to which we turn next. This definition employs the standard concept of dualization in E " described in Sect. 2 of the present paper. No new type of dualization will be required in the approach followed here.
Consider tion to E j become the composite cells described in Sect. 7 of [2] and in Sect. 5 of the present paper. In the hexagrid approach, these composite cells are obtained by "dualization" of a local intersection of 6 -p planes in the hexagrid. In the present ap proach, they are projections of ( 6 -p)-dimensional polytopes and inherit from these polytopes the projections of all their boundaries. We summarize this analysis.
6.6.
Proposition: Given a hypercubic lattice in E 6, its dual Y*. a fixed point y from the first unit cell of Y and the subspace E 3 of E 6, one can determine the /^-boundaries of Y which have interior intersections with E], The (6 -/^-boundaries of Y* dual to these intersecting /7-boundaries form a quasilattice Z in E 6. The projection of this quasilattice from E 6 to E] yields, up to shift of origin and the internal structure of the composite cells, the 3-dimensional quasilattice Z\ constructed in a different way in [2] , 7. Kepler Zone Structure and the y-Diagnosis for the Quasilattice
The six-dimensional approach to the quasilattice developed in the preceding sections opens up a completely new way to a description of the quasi lattice which will be developed in this and the following section.
7.1.
Proposition. The /7-boundary 4 (/?; a, k) o f the first unit cell in Y has an interior intersection with E| if and only if the point y2 e E 2 is the projection o f an interior point of this boundary from E 6 to E 2 . To use Prop. 7.1 for the analysis of the first cell of the quasilattice, it is of great importance to have a criterion for the case that a point x2 is the projection of an interior point from a /7-boundary.
For p -4, 5, 6 this is not trivial since, in the projec tions o f these cells to E 2, the projections from the boundary points in E 6 overlap with projections from interior points in E 6. W e must distinguish between the projections A2(p) o f /7-boundaries from E 6 and the boundaries of the projections which we denote as
s & 2 (P)-
The latter boundaries are the rhombus faces, their edges and vertices which characterize the projections. Now we claim and prove in A p pendix A.
Proposition: A point x2 is the projection of an interior point x of a /7-boundary A (p) to E 2 if and only if it is an interior point of A2(p), the projection o f A (p) to E 3, that is, if x2 e A2{p) but x2 $ sA2(p).
Note that we include the possibility that the point x2, which is the projection of an interior point o f ft (/?), is at the same time the projection of a point from a boundary o f A (p ). Now we implement Prop. 7.1 for the analysis of the intersection o f the lattice Y with E 3.
Definition:
The Kepler zone is the projection o f the First unit cell o f Y and of all its /7-boundaries, 0 ^ p ^ 6 from E 6 to E 2.
According to Sect. 5, this projection has the form of the triacontahedron introduced by Kepler in relation to his crystallographic ideas [4] and his concept of congruence [5] . The relation o f Kepler's ideas to a hypercube in six dimensions has been developed by Kowalewski [6] . Whereas in Sect. 5 we considered the projection of the unit cell from E 6 to E i, we require here the projection to E 2.
Fortunately these two projections are closely re lated. If in E 3 we replace the projections o f the basis vectors bn by the projections bi2 according to Section 5, we can transcribe all o f the analysis given in Sect. 5 for E 3 into a corresponding analysis for E 2.
7.4.
Proposition: The /7-boundaries o f the first unit cell of Y which intersect with E 3 are completely specified by the position of the point y2 in the Kepler zone. The /7-boundary ? (/?; a, k) has an interior intersection with E 3 if and only if its projection inside the Kepler zone contains the in terior point y2. The point y2 is restricted to the interior of the Kepler zone.
Note that the projections of the /7-boundaries overlap in many ways inside the Kepler zone, as indicated in Section 5. The full orbit analysis given there is required to identify the various projections. We observe the following characteristics of the analysis: A given point y2 always belongs to several (precisely to at least four) projections o f 5-bound aries. It also belongs to projections o f 4-and 3-boundaries. The projections of 2-, 1-, and 0-boundaries occur in the form o f a rhombus, a line or a point in the Kepler zone. As long as y2 is not a point from one of these latter boundaries, there are intersections at most with 5-, 4-, and 3-boundaries.
It is possible to pass from the diagnosis o f a point y2 in the Kepler zone of E 2 directly to the cor responding vertex o f the quasilattices Z or Z ,. At the vertex z = 0, it is simply necessary to construct the 1-boundaries dual to the 5-boundaries for which y2 is the projection o f an interior point. This construction extends to dual 2-and 3-boundaries which appear in Z) as rhombus faces and rhombohedra. If y2 happens to be a projection of an interior point from a 2-, 1-, or from a 0-boundary, the Here we analyze a case which is o f particular importance for the space filling property of the quasilattice Z\. Consider a point y2 which is the projection of a 4-boundary. These projections occur in the form of dodecahedra inside the Kepler zone in positions indicated in Figure 6 . A 4-boundary has 3-boundaries which in the projection to E;> appear as 4 rhombohedra inside the dodecahedron. If y2 is a point from the dodecahedron, which does not belong to one of its boundaries of dimension 0, 1, 2, it can easily be shown that it will belong to two overlapping rhombohedra which share an outer face of the dodecahedron.
As tively o f Figures 7, 8, 9 . The orientation in E 3 has been chosen in these figures so that the position of the rhombohedra can easily be recognized. A systematic exhaustive classification shows that these three typical cases cover, up to shifts and icosahedral rotations, all the relative positions of rhombohedra in the quasilattice. From this we infer the matching rule that two rhombohedra with a com m on face and the same shape can never occur in positions related by a parallel shift.
The Graph of the Quasilattice
In Sect. 7 it was shown that the location of the vector y2 in the Kepler zone allows for a complete diagnosis o f all boundaries and their duals of the lattice Y and the quasilattice Z. Now we show how this analysis may be extended to the full quasi lattice.
Suppose that the initial vector y2 is the projection o f an interior point from a fixed 5-boundary shared by the first unit cell o f the lattice Y and a neigh bouring cell centered at M ^a (6) respect to its position as a projection of p-boundaries. The duals to these ^-boundaries determine new parts o f the quasilattice Z whose centers must then be shifted back by the vector u = £ 3 (6) ^2 (6) in E 6 for the quasilattice Z , and by the vector u \ -£ 3 (6) ^a(6)l in E 3 for the quasilattice Z , .
To display the connection of y2 and y'2 we draw the edge with pointŝ There is a one-to-one correspondence between the vertices and edges of K and Z x.
9. An example for a graph of a quasilattice
To illustrate some aspects o f the description of a quasilattice by its graph K we discuss here a specific example. W e shall make use of the projec tion of the first unit cell of the lattice from E 6 to E 2.
As the initial point in the Kepler zone we choose V2 = -i Z bj2 .
This point is the projection of a 0-boundary and, in the orbit analysis applied to E t , corresponds to the representative marked 0.2 shown in Figure 2 .
We discuss now the other /^-boundaries which have y2 as their projection. These boundaries may be indexed by the numbers (k\k2k3k4k5k6) according to Defs. 2.2 and 2.4.
In Table 2 we give the six 5-boundaries to which y2 belongs, the dual vertices o f the quasilattice Z, and the new points y2 which can be reached from y2 in the graph K Note that the point y2 belongs to the 5-boundary (00000T) but is a point on its boundary sA2 (5) . Hence this boundary is not listed in Table 2 .
Comparing the positions of 2-boundaries from Table 1 and Fig. 3 , one finds that y2 is the projection o f an interior point of the 2-boundaries with index systems center at ( I I I I IT), and five projected 4-boundaries or dodecahedra dual to the 2-boundaries listed above.
As an example of the continuation of the graph K we choose from Table 2 y 2 = y 2 + * 3 2 .
This point is again the projection of a 0-boundary and belongs to the orbit with representative 0.4 in Figure 2 . In Table 3 we give the analysis cor responding to Table 2 for this point in the Kepler zone. Moreover y2 is found to be the projection of interior points from the 2-boundaries vertices of this triacontahedron with 3-fold sym metry there is a thick rhombohedron which shares faces with three dodecahedra and a vertex with the triacontahedron.
The graph K continues to a new set o f points which are no longer projections of 0-boundaries. The last entry of Table 1 y'2= y 2-b*2 is an example of this new set. The corresponding edge of the graph of K is marked in Fig. 10 by a broken line. In the quasilattice, the new set of points of this type yields the cells belonging to the next layer.
In the hexagrid approach, the quasilattice Z , is obtained from the special case where six planes intersect in a single initial vertex. Clearly this case has global icosahedral point symmetry. There is another possibility of global icosahedral point sym metry for y2 = 0. In this case the first cell of the hexagrid is a dodecahedron, and in the quasilattice the first vertex is shared by 20 thick rhombohedra.
The points on the boundary s/i2(6; 1 ... 6) o f the Kepler zone are excluded since according to Prop. 7.2 they are not projections of interior points.
Global point symmetry
In view of the analysis presented in previous sections of this paper, the analysis o f global point symmetry given in section 6 of [2] is not complete and requires extension. First of all it is necessary to admit for y2 all points from the Kepler zone, not only the points of the dodecahedron discussed in section 6 of [2] , The analysis of (6.6) o f [2] remains valid if the range of the coefficients A i,A 4,A6 is extended. We prefer to use the full Kepler zone as the region for the analysis o f the point symmetry. Then the orbit analysis under A (5) given in Table 1 covers in principle the point symmetry for an initial point y2 in the Kepler zone.
In [2] it was indicated that the space group o f the lattice in E 6 yields additional point symmetries of the quasilattice. These point symmetries can now be identified with the help o f the analysis given in Sects. 7 and 8 and in Table 1 . In terms of the Kepler zone description, these new global point symmetries occur at the centers o f the projected p-boundaries, compare Table 4 . 11. General properties of the quasilattice
The graph K of a quasilattice Z x appears to be an important tool for the general analysis of structures in quasicrystallography. We discuss here some of these aspects. This result requires that the graph K stays in the Kepler zone but never returns to the same point. In the example of Sect. 9, the graph K can never return to the 32 points which yield a composite cell in the form of a triacontahedron. 
